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Valley Hall effect is an appearance of the valley current in the direction transverse to the electric
current. We develop the microscopic theory of the valley Hall effect in two-dimensional semiconduc-
tors where the electrons are dragged by the phonons or photons. We derive and analyze all relevant
contributions to the valley current including the skew-scattering effects together with the anomalous
contributions caused by the side-jumps and the anomalous velocity. The partial compensation of the
anomalous contributions is studied in detail. The role of two-phonon and two-impurity scattering
processes is analyzed. We also compare the valley Hall effect under the drag conditions and the
valley Hall effect caused by the external static electric field.
I. INTRODUCTION
The Hall effect is the generation of the electric cur-
rent transversal to both the external electric and mag-
netic fields. The anomalous Hall effects are the phenom-
ena where the transversal flux generation is not directly
related to the action of the Lorentz force on the parti-
cles [1–3]. The prominent examples of the anomalous
Hall effects are the Hall effect in magnetic metals and
semiconductors, the spin Hall effect resulting in genera-
tion of the spin current transversal to the electric one,
and the valley Hall effect (VHE) in multivalley systems.
In the latter situation the particles in different valleys of
the Brillouin zone propagate in the opposite directions.
VHE is now in focus of theoretical and experimental in-
vestigations [4–12] owing to the emergence of a novel ma-
terial system, transition metal dichalcogenide monolayers
(TMDC MLs). In this strictly two-dimensional semicon-
ductors the electrons reside in the two time-reversal re-
lated valleys K± at the Brillouin zone edges, and chiral
selection rules at optical transitions provide a direct op-
tical access to the valley physics.
The anomalous and valley Hall currents can be gener-
ated without an external electric field provided a directed
electron flux was created by other means. An impor-
tant example is the electron drag by the non-equilibrium
phonons in the system (phonon drag effect) or due to
an alternating electromagnetic fields (photon drag ef-
fect) [11]. This type of experiments has the advantage
of studying the Hall fluxes of not only charged but also
neutral particles. A prominent example is the excitonic
VHE in TMD MLs which, owing to recent progress in
accessing the exciton transport, appears in the focus of
modern research [9, 10, 13].
Despite the fact that a theory of anomalous Hall ef-
fect has a long history, a complete theory of VHE under
the drag conditions is still missing. It is firmly estab-
lished that the spin-orbit interaction is at the origin of the
anomalous Hall effect [14–20]. Three specific mechanisms
illustrated in Fig. 1, namely, (a) the asymmetric or skew-
scattering, (b) the side-jump, and (c) the anomalous ve-
locity or Berry phase have been identified to give rise
to the anomalous Hall effect in nonmagnetic systems [3].
Furthermore, it turns out that there are substantial can-
cellations of the anomalous velocity and side-jump con-
tributions in semiconductors with parabolic bands [3, 21].
However, by now, VHE has been described mainly in the
terms of the anomalous velocity [4, 8, 11, 18, 22], while
the role of the skew-scattering and side-jump contribu-
tions has not been addressed in detail. Moreover, the
drag-induced VHE requires a special analysis, because it
is not immediately obvious whether anomalous velocity
contributions could play a role in the absence of a static
electric field.
Our paper aims to provide a consistent theory of the
electron valley Hall effect under the drag conditions. We
present the microscopic theory of the electron VHE where
the electron flux is initially created by the directed flow
of the phonons or the photons. We take into account
all the contributions to the effect, including the skew-
scattering and the side-jump along with the anomalous
velocity terms. Also, for completeness and illustration
of particular contributions, we provide the calculation of
the valley Hall effect caused by a static electric field in
two-dimensional (2D) Dirac materials. The paper is or-
ganized as follows: Sec. II outlines the band structure
model used in our calculations. Further we analyze the
contributions to the valley Hall effect due to the asym-
metric scattering of electrons, Sec. III, and due to the
side-jump and anomalous velocity, Sec. IV. Section V
contains the discussion of our results with the emphasis
on the cancellation effects of the side-jump and anoma-
lous velocity contributions. Brief conclusion and outlook
are presented in Sec. VI.
II. MODEL
We develop the theory of the electron VHE in 2D ma-
terials within the minimal two-band model, where the
electron Hamiltonian describing the states in the vicinity
of the K+ point of the Brillouin zone has the form [4, 23]
H+ =
[
0 γ(kx − iky)
γ(kx + iky) −Eg
]
, γ =
~pcv
m0
∈ R. (1)
Here Eg is the bandgap, pcv is the interband momentum
matrix element, k± = kx ± iky, x and y are the axes in
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Figure 1. Mechanisms of the valley Hall effect. (a) Skew scattering, Sec. III; (b) side jump and (c) anomalous velocity,
Sec. IV. Electrons are pushed along y-axis by the force F and transversal component of the current appears. The effects are
shown only for one valley, K+, in the K− valley the direction of the transversal motion is opposite. Here k and k′ are the initial
and final wavevectors in the scattering process, vdr is the drift velocity, va is the anomalous velocity. Inset in (b) demonstrates
the coordinate frame.
the 2D plane. The Hamiltonian describing the states in
the vicinity of the K− point can be obtained from Eq. (1)
by the time-reversal symmetry, yielding k± → −k∓. We
note that the Hamiltonian (1) can be used to describe
both spin-up and spin-down pairs of the conduction and
valence band states with proper choice of Eg, where the
appropriate combinations of the conduction and valence
band spin-orbit coupling constants are included.
While the Hamiltonian (1) admits analytical diagonal-
ization which makes it possible to calculate the VHE for
electrons in electric fields at the arbitrary ratio of the
electron kinetic energy εk to the band gap Eg [19, 21, 24]
we present the results in the lowest non-vanishing order
in εk/Eg  1. The reasons are as follows: The model
Hamiltonian becomes inadequate for εk/Eg∼ 1 where the
non-parabolic corrections to the electron dispersion due
to other bands disregarded in Eq. (1) become important.
Also, the topological properties of the Hamiltonian (1)
are ill-defined (the Chern numbers are ±1/2 in contrast
to the general theory predicting integer Chern numbers
for the Bloch bands); at the same time, the anomalous ve-
locity contributions are sensitive to the topological prop-
erties of the Hamiltonian. We address this issue in Sec. V,
where the extensions of the model are briefly discussed.
Accordingly, we take the electron dispersion in the
form εk = ~2k2/2m, where m = ~2Eg/(2γ2) is the ef-
fective mass, and present the electron Bloch function in
the conduction band at the K+ valley
uc,k(r) ≈ ck
(
|c〉+ γ
Eg
k+|v〉
)
, ck = 1− γ
2
2E2g
k2, (2a)
where |c〉 = (1, 0)T and |v〉 = (0, 1)T. The analogous
expression holds for the valence band Bloch function:
uv,k(r) ≈ ck
(
|v〉 − γ
Eg
k−|c〉
)
, ck = 1− γ
2
2E2g
k2. (2b)
At the K− valley the replacement k± → −k∓ in Eqs. (2)
is needed.
Let the scattering potential be
V(r) =
[
Vc(r) 0
0 Vv(r)
]
, (3)
where Vc(r) and Vv(r) are the potential energies related
to a static disorder and acoustic phonons. As a model
of the static disorder we consider the short-range defects
and present the potential in the form
Vc,v(r) =
∑
i
Uc,vδ(r −Ri), (4)
where Ri are the random positions of the defects, and
Uc,v are the parameters. For the electron-phonon inter-
action we consider the deformation potential scattering
by longitudinal acoustic phonons and recast the potential
energies in the form [25, 26]
Vc,v(r) =
∑
q
iΞc,v
√
~q
2ρs
(
bqe
iqr−isqt −H.c.) , (5)
where Ξc and Ξv are deformation potentials for the con-
duction and valence bands, ρ is the two-dimensional mass
density of the 2D system, s is the speed of sound, q is the
phonon in-plane wavevector, bq (b
†
q) are the phonon anni-
hilation (creation) operators, and the normalization area
is set to unity. To describe the skew scattering effect by
acoustic phonons we need to go beyond Eq. (5) and con-
sider two-phonon processes [27, 28], which are specified
below in Sec. III. Generally, Vc 6= Vv, for example, at the
electron-acoustic phonon scattering the conduction and
valence band deformation potentials are strongly differ-
ent in TMDC MLs [29, 30].
Using Eq. (2a) we calculate the matrix element for the
scattering where both initial (k) and final (k′) states are
3in the conduction band:
Mk′,k = Vc(q) + iξVv(q)[k
′ × k]z, ξ = γ
2
E2g
. (6)
Here, the non-parabolicity-induced valley-independent
corrections ∼ k2 are disregarded. We also derive the
interband scattering matrix elements as
M cvk′,k =
γ
Eg
[Vv(q)k
′
− − Vc(q)k−], (7a)
Mvck′,k =
γ
Eg
[Vv(q)k+ − Vc(q)k′+] ≡ (M cvk,k′)∗. (7b)
Here Vc,v(q) are the Fourier components of the poten-
tials Vc,v(r) in Eq. (3). Note that for the considered
static disorder model, Eq. (4), the quantities Vc(q) and
Vv(q) are simply given by Uc and Uv, respectively, and do
not depend on the transferred wavevector. Similar situa-
tion holds for the electron-phonon scattering: In what
follows we consider only quasi-elastic processes of the
electron-phonon scattering at sufficiently high tempera-
tures (kBT  ms2 for non-degenerate electrons). Thus,
electron scattering by low energy phonons, ~sq  kBT ,
for both the phonon emission and absorption is equiva-
lent to the short-range defect scattering with
ni|Uc,v|2 = Ξ2c,v
kBT
2ρs2
(8)
where ni is the impurity density.
Equations (6) and (7) are presented for the K+ valley.
To obtain the matrix elements for the electrons in the
K− valley the replacements ξ → −ξ and k± ↔ −k∓ are
needed.
For completeness we also present the expression for the
Berry curvature in the conduction band at k = 0 at the
K+ valley:
F = 2=
〈
∂uc,k
∂ky
∣∣∣∣ ∂uc,k∂kx
〉
zˆ = −2ξzˆ, (9)
with zˆ being the unit vector along the normal to the 2D
plane. The anomalous velocity in the presence of the real
force field F (which enters the Hamiltonian in the form
of −F · r) acting on the electron takes the form
va =
1
~
F × F . (10)
The Berry curvature and the anomalous velocity have
opposite signs for the electrons at the K− valley.
In what follows we are interested in the VHE, that is
generation of the opposite electric currents in K+ and
K− valleys. Accordingly, we define the valley current as
jVH =
1
2
(jK+ − jK−), (11)
where jK± are the electric currents in the correspond-
ing valleys. It follows from the symmetry analysis that
jVH ⊥ F , where F is the external force or the dragging
force acting on the electrons. Thus, below we calculate
the transversal to the force component of the current in
the K+ valley only. Since the corresponding component
in the K− valley is opposite in the direction and has the
same absolute value, our calculation gives the valley Hall
current.
While we focus here on the VHE, the same theory ap-
plies for the spin Hall effect in the systems where the
Hamiltonians H±, Eq. (1), describe spin branches, e.g.,
in 2D semiconductors and topological insulators.
III. VHE DUE TO SKEW SCATTERING
It is convenient to describe the electron valley trans-
port in the framework of the kinetic equation approach.
We consider the valley K+ and introduce fk ≡ fk(r, t),
the electron distribution function in this valley. It obeys
the following kinetic equation
∂fk
∂t
+ vk·∇rfk + 1~F ·
∂fk
∂k
+Qimp{fk}+Qph{fk} = 0.
(12)
Here F = eE is the real force acting on the electrons
in the presence of external electric field E, Qimp{fk}
and Qph{fk} are the collision integrals for the electron-
impurity and electron-phonon scattering, respectively.
The forms of the collision integrals are specified below.
In what follows we consider three situations:
(i) VHE driven by the static electric field, in which
case F = const(t), time derivatives can be set to
zero and the kinetic equation (12) reduces to
(F · vk)f ′0 +Qimp{fk}+Qph{fk} = 0, (13)
where f0 is the equilibrium distribution function
with f ′0 = ∂f0/∂εk being the energy derivative of
the equilibrium distribution.
(ii) VHE driven by the photon drag effect at low fre-
quencies ω of radiation, where ωτp  1 with τp
being the electron scattering time. In this case
F = F0 exp (iqr − iωt) + c.c., (14)
with q being the radiation wavevector, and the
second-order response in F0 is calculated.
(iii) VHE due to the phonon drag where F ≡ 0, but
in Qph{fk} we take into account contributions pro-
portional to the anisotropic part of the phonon dis-
tribution function [31, 32].
The collision integral for electrons scattered by
the static disorder contains the symmetric part
responsible for the relaxation of the distribution
function to the isotropic one and the asymmetric
4part responsible for the impurity skew scattering,
Qimp{fk} = Q(s)imp{fk}+Q(as)imp{fk}, where
Q
(s)
imp{fk} =
fk − 〈fk〉ϕk
τimp
,
1
τimp
=
2pi
~
gU2c ni, (15a)
Q
(as)
imp{fk} =
∑
k′
W
(as,imp)
k′k fk′ . (15b)
Here 〈fk〉ϕk = (2pi)−1
∮
fkdϕk, ϕk is the polar an-
gle of the electron wavevector, g = m/(2pi~2) is
the electron density of states, Uc,v are assumed to
be real, and W
(as,imp)
k′k is the asymmetric (or skew)
scattering probability for the electron-impurity scatter-
ing [33, 34]. Note that in collision integral responsible
for the asymmetric scattering the out-scattering term
∝∑k′W (as,imp)k′k fk vanishes due to the general property
W
(as,imp)
k′k = −W (as,imp)kk′ [34]. The skew-scattering con-
tribution arises due to the asymmetric term ∝ [k′×k]z in
Eq. (6) and results in the preferable scattering direction,
Fig. 1(a). We calculate it in the lowest non-vanishing
order, namely, third order of perturbation theory:
W as,impk′k =
2pi
~
niδ(εk − εk′)
×
∣∣∣∣∣Mk′k +∑
p
Mk′pMpk
εk − εp + i0
∣∣∣∣∣
2
(15c)
with the result [17, 21]:
W as,impk′k = ξSimp[k × k′]zδ(εk − εk′), (15d)
where
Simp =
2piUv
τimp
. (15e)
The situation with electron-phonon scattering is more
complex. Generally, the collision integral contains four
contributions:
Qph{fk} = Q(s)ph {fk}+Q(dr)ph {fk}
+Q
(as)
ph {fk}+Q(dr,as)ph {fk}. (16a)
First one, Q
(s)
ph {fk}, describes quasi-elastic scattering re-
sulting in the isotropization of the electron distribution
function. It has the same form as the collision integral
with impurities (15a) with the phonon-induced scattering
rate
1
τph
=
2pi
~
gΞ2c
kBT
ρs2
. (16b)
Second contribution, Q
(dr)
ph {fk}, is responsible for the
phonon drag effect. It describes the scattering of elec-
trons by anisotropic part of the phonon distribution func-
tion, which is formed as a result of the lattice temper-
ature gradient in the 2D plane. In this situation, the
phonon distribution function assumes the form
nq = 〈b†qbq〉ph =
kBT
~sq
(
1 +
q
q
· e
)
, e = −sτ
ph
p
T
∇T.
(16c)
Hereafter we omit subscript r in ∇r for brevity and
assume that the phonon and electron temperatures are
the same; τphp is the phonon momentum relaxation time.
Making use of Fermi’s golden rule we obtain [32]
Q
(dr)
ph {f0} = (Fdrag · vk)f ′0, (16d)
with
Fdrag = −
τphp
ρ~
(m
~
)2
Ξ2ckB∇T. (16e)
It follows from Eq. (16d) that the lattice temperature
gradient produces an effective force Fdrag acting on the
electrons. We stress that this force is not associated with
any real potential energy and cannot be included in the
Hamiltonian of the system, rather it appears in the ki-
netic equation from the collision integral. We also disre-
gard the contribution to the current due to the Seebeck
effect, i.e., the temperature gradient of the electron gas
itself. Two remaining contributions to the collision inte-
gral describe the skew scattering of electrons by phonons:
Q
(as)
ph {fk} =
∑
k′
W
(as,ph)
k′k fk′ , (16f)
Q
(dr,as)
ph {fk} =
∑
k′
W
(as,dr)
k′k f0(εk′). (16g)
The former contribution, similarly to Eq. (15b) describes
the elastic skew-scattering of electrons by phonons (this
term does not contain the temperature gradient), while
the latter one describes the asymmetric scattering in the
course of the drag with W
(as,dr)
k′k ∝∇T .
Importantly, the single-phonon processes described by
Eq. (5) do not contribute to the asymmetric scattering
probabilities W
(as,ph)
k′k , W
(as,dr)
k′k even in the next-to-Born
approximation. Indeed, the skew scattering results from
the interference of the single and double scattering pro-
cesses, but such interference is impossible because the
number of phonons in the initial and final states is dif-
ferent for the two pathways. This is in stark contrast
with the disorder scattering, Eq. (4), where each impu-
rity contributes to the skew scattering. Formally, the im-
purity potential in our model is not a Gaussian disorder,
while the phonon-induced potential is Gaussian. Thus,
we need to take into account the two-phonon scattering
processes [27, 28] described by the Hamiltonian which we
take in the simplest possible form [cf. Ref. [25]]
V˜c,v =
∑
q1,q2
Ξ˜c,v
~
2ρs
√
q1q2
× (bq1eiq1·r−isq1t −H.c)(bq2eiq2·r−isq2t −H.c). (17)
5Here Ξ˜c,v are the parameters describing the interaction
of the conduction and valence band electrons with two
phonons. The Hamiltonian (17) accounts for both the
processes where two phonons are created or annihilated
simultaneously and the Raman-like processes where the
phonon is scattered by the electron. Following Ref. [28]
we derive the contributions to the asymmetric scattering
probabilities in the form [see Appendix A for details]
W
(as,ph)
k′k = ξSph[k × k′]zδ(εk − εk′). (18a)
Equation (18a) is similar to Eq. (15d) with
Sph = − 4pi
τph
(
Ξ˜v + 2
Ξv
Ξc
Ξ˜c
)
kBT
ρs2
. (18b)
In derivation of Sph we took into account the band mixing
both in the single and two-phonon scattering processes.
The expression for W
(as,dr)
k′k is quite cumbersome, but in
Eq. (16g) we need only the rate averaged over the angle
of k′. It reads
〈W (as,dr)k′k 〉ϕk′ = −
ms
2~
ξSph[e× k]zεkδ′(εk − εk′). (18c)
Now we are able to solve the kinetic equation by iter-
ations in the asymmetric scattering terms and calculate
the valley Hall current due to the skew scattering mecha-
nism for three effects discussed above. Hereafter we con-
sider non-degenerate electrons to simplify calculations.1
A. Skew scattering in the static electric field
In the first order in the static electric field F the dis-
tribution function acquires a correction
δfk = −(F · vk)f ′0τp,
1
τp
=
1
τimp
+
1
τph
. (19)
This correction is substituted in the asymmetric collision
integrals (15b) and (16f) acting as a source of the skew
contribution to the electron distribution responsible for
the VHE:
δf
(as)
k
τp
+Q
(as)
ph {δfk}+Q(as)imp{δfk} = 0. (20)
Straightforward calculation of the valley Hall current
jVH = e
∑
k
vkδf
(as)
k (21)
yields
jVH = 2ξ(Sph + Simp)g
e
~
Nτp[zˆ × F ] ε¯τp~ . (22)
1 The results in the case of the static field and the photon drag
remain the same for arbitrary degeneracy of the charge carriers
provided that only impurity scattering is taken into account.
Here N=
∑
k
f0(εk) is the electron density per valley and
ε¯ =
1
N
∑
k
εkf0(εk)
is the average electron energy.
B. Skew scattering at the phonon drag
It follows from Eq. (16a) that there are two contri-
butions to the skew scattering induced VHE under the
phonon drag conditions. The first one is similar to that
caused by the electric field and related to the rotation of
the phonon drag-induced electric current due to the skew
scattering. This contribution is given by Eq. (22) with
the replacement F → Fdrag. The second contribution
is related to the skew scattering at the drag, Eq. (16g).
The corresponding correction to the electron distribution
is found from the equation
δf
(as,dr)
k
τp
+Q
(dr,as)
ph = 0. (23)
Calculation shows that this contribution is given by
j′VH = −ξSphg
e
~
Nτp[zˆ × Fdrag] ε¯τp~ .
Summing up these two contributions we arrive at the
following expression for the valley Hall current under the
phonon drag conditions due to the skew scattering
j
(ph)
VH = ξ(Sph + 2Simp)g
e
~
Nτp[zˆ × Fdrag] ε¯τp~ . (24)
We stress that the expression for the VHE under the
phonon drag is not reduced to the one derived in the
presence of a real force.
C. Skew scattering at the photon drag
Let us now turn to the VHE under the photon drag
conditions. Our aim is to illustrate the effect, this is
why we consider the situation studied in Ref. [11] and
termed by the authors “Valley Acoustoelectric Effect”.
This situation corresponds to the oblique incidence of the
p-polarized light, so that the product F0 · q‖ is nozero,
where q‖ is the component of the light wavevector in the
2D plane and F0 is the amplitude of the alternating force
field acting on the electron, Eq. (14). In this geometry,
the so-called qE2 contribution dominates in the photon
drag [35, 36]. Following Ref. [11] we assume that the
product ωτp  1 and consider the leading in (ωτp)−1
contribution to the photocurrent.
At first, we calculate the dc current in the absence of
the skew scattering. Under the assumptions formulated
6above we obtain in agreement with Ref. [11]2
jdc =
Ne2τ2p
m2ω
(q‖ · F0)F ∗0,‖ + c.c. ≡
eNτp
m
Fp,drag. (25)
Here we introduced the effective photon drag force
Fp,drag =
eτp
mω
(q‖ · F0)F ∗0,‖ + c.c. (26)
It is noteworthy that Eq. (25) can be derived not only by
solving the kinetic Eq. (12) by iterations, but also from
the simple arguments: In the first order in F0 the electron
density is perturbed as δN = δN0 exp (iq‖r − iωt) + c.c.
in accordance with the continuity equation:
∂δN
∂t
+∇ · jac = 0, jac = eNτp
m
F . (27)
The dc current (25) arises as a result of the rectification
as
jdc =
eτp
m
δNF , (28)
where the overline denotes the time-average.
Now we are able to calculate the valley Hall current. It
arises as a result of the skew scattering of the anisotropi-
cally distributed electrons. Such anisotropic distribution
is formed in the second order in F0 due to the photon
drag. This contribution can be readily evaluated and
has a form analogous to Eq. (22)
j
(phot)
VH = 2ξ(Sph + Simp)g
e
~
Nτp[zˆ × Fp,drag] ε¯τp~ . (29)
Note that accounting for the skew-scattering effect on
the time dependent anisotropic distribution of electrons
formed in the first order in the ac field results in the para-
metrically smaller contribution to the VHE ∼ j(phot)VH ωτp.
D. Coherent skew scattering
There is a special skew-scattering contribution para-
metrically different from the above discussed ones. It
arises from the coherent scattering by two closely spaced
impurities or due to interference of the two single-phonon
scattering processes, as discussed in Refs. [19, 24]. By
contrast to the skew scattering considered above, it is
present at Gaussian scattering potential as well [21]. If
the scattering is provided solely by the short-range dis-
order, Eq. (4), and the electrons are driven by the static
2 The difference with Eq. (3) of Ref. [11] (in the absence of screen-
ing) by the factor 4 is related to the different definition of the
electromagnetic wave amplitude, our Eq. (14).
electric field, the corresponding expression for the asym-
metric scattering rate is given by [cf. Eq. (15c)]
W as,2k′k =
2pi
~
n2i
2
δ(εk − εk′)
×
∣∣∣∣∣∣
∑
p
M
(2)
k′pM
(1)
pk
εk − εp + i0 +
∑
p′
M
(1)
k′p′M
(2)
p′k
εk − εp′ + i0
∣∣∣∣∣∣
2
. (30)
Here the superscripts (1) and (2) denote the impurities,
and the factor n2i /2 accounts for the density of impurity
pairs. After averaging the interference contribution over
the impurity positions and picking out the asymmetric
part,
∝ i
∑
pp′
Mkp′Mp′k′Mk′pMpk
εk − εp′ δp
′,k+k′−pδ(εk − εp), (31)
we recover the result of the so-called X diagram in
Refs. [19, 24] taken in the limit εk  Eg (the so-called Ψ
diagram vanishes for the short-range scattering):
jXVH = −2
e
~
ξ
Uv
Uc
N [zˆ × F ]. (32)
We stress that in this work we consider only ξ-linear con-
tributions to the VHE, i.e., the current proportional to
E−2g . These are the lowest non-vanishing in ε¯/Eg con-
tributions to the valley Hall current. Accordingly, in
Eq. (30), we took into account only intraband scatter-
ing processes described by the matrix elements (6), and
ignored the contributions with the intermediate states in
the valence band, Eq. (7). The latter also provide the
VH current, but it is parametrically smaller by a factor
ε¯/Eg  1 as compared to Eq. (32), cf. Refs. [19, 21].
Similar results with F → Fdrag,Fp,drag can be ob-
tained at the drag conditions if the scattering asymmetry
results from the impurities only. For the electron-phonon
scattering such interference processes can be included
as a renormalization of the two-phonon interaction con-
stants Ξ˜c,v in Eq. (17).
IV. ANOMALOUS CONTRIBUTIONS TO VHE
We now switch to the contributions to the VHE beyond
the kinetic equation approach. These contributions arise
due to (i) the appearance of the anomalous contribution
to the electron velocity in the electric field, Eq. (10),
caused by the spin-orbit interaction and (ii) the shifts of
electronic wavepackets at the scattering events, so-called
side-jump contribution. The variation of the electron co-
ordinate at the scattering is given by [14, 37–39].
Rik′k = −
={M ik,k′(∇k +∇k′)M ik′,k}
|Mk′k|2 + Ωk
′ −Ωk
= ξ
Vv(q)
Vc(q)
[(k′ − k)× zˆ] + ξ[(k′ − k)× zˆ], (33a)
7where the scattering matrix element M ik′,k is given by
Eq. (6) and the superscript i distinguishes scattering
mechansims (impurities or phonons). The second term
in Eq. (33a) does not depend on the scattering poten-
tial and related to the matrix elements Ωk of the coor-
dinate operator calculated on the Bloch functions (2a):
Ωk = i 〈uc,k |∇k|uc,k〉. It is noteworthy that the shift of
the electron coordinate in our case can be written as
Rk′k = %(k
′)− %(k), (33b)
with %(k) = ξ[1 + Vv(q)/Vc(q)][k × zˆ]. The side jump
effect is illustrated in Fig. 1(b) and the appearance of
the anomalous velocity in Fig. 1(c).
These anomalous velocity and side-jump effects largely
cancel each other and call for special analysis [3]. Here
we present the main results, and the detailed derivations
are summarized in Appendix B.
A. Anomalous contributions in the static electric
field
The anomalous velocity contribution to the VHE can
be readily calculated from Eq. (10) with the result
ja = −2 e~Nξ[zˆ × F ]. (34)
First side-jump contribution to the valley Hall current
can be found from the anisotropic field induced correc-
tion, δfk, Eq. (19) and reads
j
(1)
sj = e
2pi
~
∑
kk′,i
Rik′k|M ik′,k|2δ(εk′ − εk)δfk
=
e
~
ξN
(
1 +
τp
τimp
Uv
Uc
+
τp
τph
Ξv
Ξc
)
[zˆ × F ]. (35)
We note that the scattering processes by impurities and
phonons are not correlated, thus the resulting side-jump
current contains three independent contributions: due to
the electron coordinate operator Ωk (first term, indepen-
dent of the scattering mechanism), due to the impurity
and phonon scattering (second and third terms, respec-
tively).
Second side-jump contribution arises from the so-called
anomalous distribution [21]
j
(2)
sj = e
∑
k
vkδf
a
k , (36a)
where the anomalous correction to the electron distribu-
tion function arises if we take into account the work of
the force field F in the course of electron shift at the
scattering:
δfak
τp
=
2pi
~
∑
k′,i
|M ik′k|2
× δ(εk′ − εk −Rik′k · F )[f0(εk′)− f0(εk)]. (36b)
Decomposing the δ-function in Eq. (36b) up to the first
order in F we obtain j
(2)
sj = j
(1)
sj .
As a result, the total anomalous current reads
j
(anom)
VH = ja + j
(1)
sj + j
(2)
sj
= 2
e
~
ξN
(
τp
τimp
Uv
Uc
+
τp
τph
Ξv
Ξc
)
[zˆ × F ]. (37)
Notably, the resulting current is strongly sensitive to the
scattering mechanisms, see Sec. V for details.
B. Anomalous contributions at the phonon drag
The anomalous contributions to the VHE under the
phonon drag conditions arise solely from the shifts of
electronic wavevepackets at the scattering acts [37]. This
is because there are no real static fields applied to the
electrons and the anomalous velocity is absent, see Ap-
pendix B where this result is rigorously derived. Sim-
ilarly to the skew scattering mechanism at the phonon
drag there are two contributions to the side-jump cur-
rent. First one, j
(ph,1)
sj similarly to the case of the exter-
nal field, results in the shifts calculated using anisotropic
distribution function with the anisotropy induced by the
phonon drag. It has the same form as Eq. (35) with
the replacement F → Fdrag. The second contribution
arises due to the electronic shifts in the course of drag.
It is solely related to the electron-phonon scattering and
takes the form
j
(ph,2)
sj = −
e
~
ξN
(
1 +
Ξv
Ξc
)
[zˆ × Fdrag]. (38)
The resulting current reads
j
(anom,ph)
VH = j
(ph,1)
sj + j
(ph,2)
sj
=
e
~
ξN
τp
τimp
(
Uv
Uc
− Ξv
Ξc
)
[zˆ × Fdrag]. (39)
Importantly, this result does not reduce to VHE in the
presence of a static electric field, Eq. (37).
C. Anomalous contributions at the photon drag
Just as in Sec. III C we consider the situation of low
frequencies of radiation, ωτp  1. Similarly to the anal-
ysis presented above, the side-jump contribution j
(phot,1)
sj
arises from the shifts of electronic wavepackets at the im-
purity or phonon scattering. It has the form of Eq. (35)
with the replacement F → Fp,drag, because this effect
is not sensitive to particular mechanism leading to the
anisotropic electron distribution.
There are two more contributions to the anomalous
current specific to the photon drag mechanism. First
of those was uncovered in Ref. [11] can be associated
8with the anomalous velocity caused by the alternating
field. Corresponding valley Hall current arises as a time-
average [cf. Eq. (28)]
j(phot)a = evaδN = −2
e
~
Nξ[zˆ × Fp,drag]. (40)
This expression is in agreement with Eq. (6) of Ref. [11].
Second contribution can be associated with that due to
the work of the ac electric field and corresponding elec-
tronic shifts [cf. Eq. (36b)]. Calculation of the time-
average yields
j
(phot,2)
sj = j
(phot,1)
sj
=
e
~
ξN
(
1 +
τp
τimp
Uv
Uc
+
τp
τph
Ξv
Ξc
)
[zˆ × Fp,drag]. (41)
In this case the total anomalous current reads
j
(anom,phot)
VH = j
(phot)
a + j
(phot,1)
sj + j
(phot,2)
sj
= 2
e
~
ξN
(
τp
τimp
Uv
Uc
+
τp
τph
Ξv
Ξc
)
[zˆ × Fp,drag]. (42)
It is noteworthy that for the low-frequency photon drag
the anomalous contributions take the same form as the
contributions induced by the real force field, Eq. (37).
We stress that the anomalous velocity contribution at
the photon drag is totally compensated by a part of the
side-jump contribution similarly to the case of the static
field.
V. DISCUSSION
Above we have derived the contributions to the valley
Hall current in three cases: (i) electrons are drifting in
the static electric field, (ii) electrons are dragged by the
electromagnetic wave, and (iii) electrons are dragged by
the phonons. The results are summarized in Table I. Let
us first compare the efficiency of the skew scattering and
anomalous mechanisms of the VHE. We start with the
situation where the dominant scattering mechanism is
due to the static impurities where the disorder potential
is given by Eq. (4) and assume that the skew scattering
is dominated by the standard third-order process. Tak-
ing into account (15e) and omitting numerical factors we
obtain the following estimate for the skew scattering in-
duced valley Hall current in agreement with Eqs. (22),
(24), and (29)
skew: jskewVH ∼
e
~
ξN [zˆ × F ] ε¯τp
~
gUv. (43)
Here F stands for any type of dragging force. For the
anomalous contributions we obtain from Eqs. (37), (39),
and (42)
anomalous: janomVH ∼
e
~
ξN [zˆ × F ]Uv
Uc
. (44)
The ratio of the skew and anomalous currents is given by
the product of the two factors∣∣∣∣ jskewVHjanomVH
∣∣∣∣ ∼ ε¯τp~ ×g|Uc|∼ ε¯ni|Uc| .
The first factor (in the middle estimate) is assumed to be
large in our approach, because it corresponds to freely
propagating electrons with only rare scattering events.
The second one controls the efficiency of scattering [40],
and it is usually assumed to be small, g|Uc|  1.3 That
is why, generally, the ratio of the skew and anomalous
currents can be on the order of unity and both mecha-
nisms should be taken into account. If the scattering is
dominated by phonons, the parameter g|Uc| is replaced
by the efficiency of the two-phonon processes
Ξ˜g
kBT
ρs2
,
which is less than unity at moderate temperatures where
the acoustic phonon scattering is important [25]. Thus,
similarly to the case of the static disorder studied above,
the skew-scattering and anomalous contributions can be
comparable in the case of the electron-phonon interac-
tion.
The situation becomes even more complex if we ac-
count for the coherent contribution to the skew scatter-
ing caused by the two-impurity processes, Sec. III D. This
coherent skew contribution, Eq. (32) contains neither the
large factor ε¯τp/~, nor the small factor g|Uc|, and has the
same form as the anomalous current, Eq. (44). Impor-
tantly, if the scattering is solely caused by the static dis-
order, this contribution exactly compensates the anoma-
lous current, cf. Eq. (37) at τp = τimp. Note, that this
cancellation is not general, it is absent if the scattering
is anisotropic [24].
Now let us discuss in more detail the anomalous contri-
butions and, in particular, compensation of the anoma-
lous velocity and side-jump contributions in the electric
field and under the photon drag. Indeed, as it follows
from Eqs. (37) and (39) the anomalous velocity contri-
bution was cancelled with the Ωk-contributions to the
side-jump. Both contributions stem from the coordinate
matrix element for Bloch electrons, Ωk ∝ k; the current
is thus given by derivative of the coordinate operator,
jΩVH ∝ dΩk/dt∝ dk/dt. In the steady-state conditions,
obviously, the time-derivative of the wavevector is zero,
and this contribution to the current vanishes. Thus, these
terms do not produce any dc valley Hall current. The
physical reason for this cancellation is clear [3, 39]: The
anomalous velocity due to the external force is compen-
sated by the anomalous velocity at the scattering acts
3 Strictly speaking, in two-dimensions for the short-range scat-
tering Uc should be replaced by the total scattering amplitude,
which contains a logarithmic enhancement factor [40].
9Table I. The valley Hall conductivity introduced as jVH = σVH[zˆ × (F /e)], where F is a force for static electric field, Fdrag for
phonon drag and Fp, drag for photon drag effect. Calculating the coherent skew contribution we assumed that the scattering is
caused by both impurities and phonons but the scattering asymmetry is due to the impurities only.
Driving force skew coherent skew anomalous
Electric field,
2 e
2
~ ξN(Sph + Simp)gτp
ε¯τp
~ −2
e2
~ ξN
τp
τimp
Uv
Uc
2 e
2
~ ξN
(
τp
τimp
Uv
Uc
+
τp
τph
Ξv
Ξc
)
photon drag
Phonon drag e
2
~ ξN(Sph + 2Simp)gτp
ε¯τp
~ −2 e
2
~ ξN
τp
τimp
Uv
Uc
e2
~ ξN
τp
τimp
(
Uv
Uc
− Ξv
Ξc
)
(generally speaking, due to the friction force), because at
the steady-state the net force acting on the electron is
zero.
This cancellation is also observed in the case of the
phonon drag effect. It follows from Eq. (39) that the val-
ley Hall current depends on the scattering potentials and
rates, while all contributions due to Ωk vanish. Further-
more, if the impurity scattering is absent, τimp → ∞,
then janom,phVH ≡ 0. This is a general property of the elec-
tron shift current provided that Rk′,k can be presented
as a difference %(k′)−%(k) [cf. Eq. (33b)], irrespectively
of the scattering mechanism. Indeed, the steady-state
kinetic equation for the distribution function (12) can be
recast in the simple form
0 =
∑
k′
(Wk′,kfk −Wk,k′fk′) , (45a)
where the scattering rate Wk′,k includes both the mo-
mentum relaxation at the electron-phonon scattering and
phonon drag. The side-jump current can be written by
virtue of Eq. (45a) in the form [cf. [37]]
j
(anom,ph)
VH =
∑
k′k
[%(k′)− %(k)]Wk′,kfk
=
∑
k′k
%(k′) (Wk′,kfk −Wk,k′fk′) ≡ 0. (45b)
In the presence of impurity scattering, this cancellation
of side-jump currents at the phonon drag is violated: De-
spite Eq. (45a) takes place with the total scattering prob-
ability Wk′,k, the wavepacket shifts are caused by both
impurities and phonons, and the corresponding currents
are generally not compensated, see Eq. (39). Namely, the
part of the side-jump current related to the Ωk always
vanishes by virtue of Eq. (45b), and the current results
form the difference of shits at the impurity and phonon
scattering
j
(anom,ph)
VH =
1
2
∑
k′k
(W impk′,k −W phk′,k)fk(Rimpk′k −Rphk′k).
Above we considered the two-band model, Eq. (1).
Our results can be readily generalized to the multiband
description of the energy spectrum. Indeed, under the
assumption that both the impurities and phonons do
not mix the bands at the K± valleys, other bands pro-
vide additive contributions to the VHE. As a result, in
the expressions for the valley Hall current the products
ξUv, ξΞv, ξΞ˜v are replaced, respectively, by the sums
over the bands∑
n
~2|pc,n|2
m20E
2
n
Un,
∑
n
~2|pc,n|2
m20E
2
n
Ξn,
∑
n
~2|pc,n|2
m20E
2
n
Ξ˜n,
where n enumerates the bands, En is the corresponding
band gap, and the conduction band is excluded from the
summation.
It is instructive to present order-of-magnitude esti-
mates of the VHE. To that end, we introduce the val-
ley Hall conductivity σVH such that jVH = σVH[zˆ ×E],
where E = F /e is the effective electric field associ-
ated with the force acting on the electrons, see Tab. I.
The anomalous contributions to the conductivity com-
bine as σ
(anom)
VH ∼ (e2/~)ξN . For TMDC MLs one has
ξ = 10 . . . 100 A˚2 and for typical N = 1012 cm−2 the
product ξN ∼ (1 . . . 10)× 10−4. For the skew scattering
mechanism σ
(skew)
VH ∼ σ(anom)VH gUε¯τ/~. Assuming ε¯τ/~ ∼
10 . . . 100 and gU ∼ 0.1 we get σ(skew)VH /σanomVH ∼ 1 . . . 10.
Thus, depending on the parameters of the system the
skew and anomalous contributions can be comparable.
In our work we have disregarded the intrinsic contri-
bution to the VHE which arises in topologically nontriv-
ial systems. This contribution, important if the Fermi
level lies in the topologically nontrivial band gap, is pro-
portional to the Chern number characterizing the band
gap. The effect is related to the current flowing along
the one-dimensional edge channels formed in the topo-
logical structures and insensitive to a static disorder [41].
However, the drag effects and, particularly, the role of in-
elasticity of electron-phonon interaction in the edge VHE
requires separate analysis.
Here we focused on the situations where the electrons
were dragged by the photons or phonons. In the latter
case, the electrons are driven by the lattice temperature
gradient. Naturally, the electrons can be also driven by
the temperature gradient of the electron gas itself, i.e., by
the Seebeck effect. The anomalous Hall effect is possible
in this situation as well [6, 42, 43], see also [44]. The
analysis of the interplay of the skew-scattering, side-jump
and anomalous velocity contributions in this case is still
an open problem beyond the scope of this paper.
It is interesting to note that the inverse effect (IVHE) is
also possible in 2D Dirac materials. For the VHE driven
by electric field, in the inverse effect, the valley current
flowing in the sample is converted in an electric current in
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the transverse direction. For the VHE in the phonon drag
conditions, the IVHE is an occurrence of a lattice tem-
perature gradient in the direction transverse to the valley
current: ∇Tlatt ∝ [zˆ × jVH]. The microscopic mecha-
nisms of IVHE are the same as in VHE: skew-scattering,
anomalous velocity and side-jumps. It is not obvious if
the Onsager relation takes place for the VHE and IVHE
conductivities under phonon drag because there are no
terms ∝ Fdrag in the free energy. Therefore the IVHE
microscopic calculation is a problem for separate study.
VI. SUMMARY
Here we presented the microscopic theory of the valley
Hall effect, i.e., generation of the valley current transver-
sal to the external drag force, in 2D Dirac materials. The
key result is that VHE current is not universal and de-
pends strongly on the scattering mechanisms in both con-
duction and valence bands. Our main focus was on the
situation where the charge carriers are dragged by the
non-equilibrium flux of phonons or by electromagnetic
wave. We took into account all relevant contributions to
the effect: the skew-scattering, the side-jump, and the
anomalous velocity. Two latter contributions can largely
compensate each other, and the contribution from skew
scattering is dominant in many cases. Importantly, the
valley Hall current depends on the source of the drag
force.
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Appendix A: Phonon skew scattering rates
1. Elastic scattering
At the phonon scattering, with account for both one-
and two-phonon interactions, Eq. (6) holds where the
matrix elements Vc,v(q) are equal to the sums of one- and
two-phonon matrix elements Vc,v+ V˜c,v given by Eqs. (5)
and (17). In the third order of the perturbation theory
we obtain, similarly to the impurity scattering,
W
(as,ph)
k′k =
(2pi)2
~
δ(εk − εk′)
×
∑
k1
Im(Mkk′Mk′k1Mk1k)δ(εk − εk1), (A1)
which yields
W
(as,ph)
k′k = ξ
(2pi)2
~
δ(εk − εk′)g (A2)
×
〈
(Vc + V˜c)
2(Vv + V˜v)[k × k′ + k′ × k1 + k1 × k]z
〉
,
where averaging is performed over both the angle ϕk1 and
the phonon states. In the linear order in both the valence-
band constants and two-phonon interaction strength we
have
W
(as,ph)
k′k =ξ
(2pi)2
~
δ(εk − εk′)g (A3)
×
〈
(V 2c V˜v + V˜cVcVv + VcV˜cVv)
× [k × k′ + k′ × k1 + k1 × k]z
〉
.
The first term in round brackets has the following form:
〈
V 2c V˜v
〉
ph
= −Ξ2cΞ˜v
(
~
2ρs
)2〈∑
q,q′
√
q(bqδq,k′−k − b†qδq,k−k′)
√
q′(bq′δq′,k1−k′ − b†q′δq′,k′−k1)
×
∑
q1,q2
√
q1q2(bq1bq2δq1+q2,k−k1 − bq1b†q2δq1−q2,k−k1 − b†q1bq2δq2−q1,k−k1 + b†q1b†q2δq1+q2,k1−k)
〉
ph
. (A4)
Averaging over phonon states yields:〈
V 2c V˜v
〉
ph
=− 8Ξ2cΞ˜v
(
~
2ρs
)2
(A5)
× |k − k′||k1 − k′| n¯|k′−k|n¯|k′−k1|,
where n¯q = (nq + n−q)/2 is the even part of the
phonon distribution (nq = 〈b†qbq〉ph). Deriving this
expression, we took into account that the terms with
δkk1 coming from the product
〈
V 2c
〉
ph
〈V˜v〉ph do not
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contribute to the skew scattering probability because
k × k′ + k′ × k1 + k1 × k = 0 at k = k1. Assuming
equilibrium phonon distribution: n¯q = kBT/(~sq), we
obtain
〈
V 2c V˜v
〉
ph
= −2Ξ2cΞ˜v
(
kBT
ρs2
)2
. (A6)
Similar calculations of two remaining terms yield:
〈
V˜cVcVv
〉
ph
=
〈
VcV˜cVv
〉
ph
= −2Ξ˜cΞcΞv
(
kBT
ρs2
)2
.
(A7)
Averaging Eq. (A3) over directions of k1 we obtain
Eq. (18a): W
(as,ph)
k′k = ξSph[k × k′]zδ(εk − εk′) with Sph
given by Eq. (18b) of the main text.
2. Inelastic scattering
Scattering of symmetrically distributed electrons, e.g.
equilibrium electron gas, by drifting phonons results in
the valley Hall effect. However, it is not described by
the anisotropic skew scattering probability derived in
the previous subsection. In order to quantify this effect,
we take into account inelasticity of the electron-phonon
interaction in the first order in the ratio of the char-
acteristic phonon and electron energies ~sqchar/kBT ∼√
ms2/kBT  1 with qchar ∼
√
mkBT/~2.
The valley-dependent scattering probability with account for the phonon energies has the following form
W
(as,dr)
k′k =
(2pi)2
~
∑
k1
∑
µ,ν=±1
Im(Mkk′Mk′k1Mk1k)δ(εk − εk′ + ν~s|k′ − k|)δ(εk′ − εk1 + µ~s|k1 − k′|). (A8)
This results in the following modification of Eq. (A3):
W
(as,dr)
k′k = −2ξ
(2pi)2
~
(
~
2ρs
)2 ∑
ν,µ=±1,k1
[k × k′ + k′ × k1 + k1 × k]z (A9)
×
[
Ξ2cΞ˜vmν(k′−k)δ(εk − εk′ + ν~s|k′ − k|)mµ(k1−k′)δ(εk′ − εk1 + µ~s|k1 − k′|)
+Ξ˜cΞcΞvmν(k1−k′)δ(εk′ − εk1 + ν~s|k′ − k1|)mµ(k1−k)δ(εk − εk1 + µ~s|k − k1|)
+ΞcΞ˜cΞvmν(k′−k)δ(εk − εk′ + ν~s|k′ − k|)mµ(k−k1)δ(εk1 − εk + µ~s|k1 − k|)
]
.
Here mq = qnq.
We take the following general nonequilibrium phonon distribution
nq = n¯q
(
1 +
cq
q
)
, c−q = −cq, (A10)
where n¯q = kBT/(~sq) is the Planck function. Then we have in the lowest order in electron-phonon scattering
inelasticity
W
(as,dr)
k′k = −4Ξcξ
(2pi)2
~
(
kBT
2ρs2
)2
~s
∑
k1
[k × k′ + k′ × k1 + k1 × k]z
×
{
ck′−kδ′(εk − εk′)
[
ΞcΞ˜vδ(εk′ − εk1) + Ξ˜cΞvδ(εk1 − εk)
]
+ck1−k′δ
′(εk′ − εk1)
[
ΞcΞ˜vδ(εk − εk′) + Ξ˜cΞvδ(εk − εk1)
]
+ck1−kδ
′(εk − εk1)Ξ˜cΞv [δ(εk′ − εk1) + δ(εk − εk′)]
}
.
Hereafter we assume the following asymmetry of the phonon distribution:
cq = q · e i.e. nq = kBT~sq
(
1 +
q
q
· e
)
, (A11)
where e is the in-plane vector describing the direction of the phonon flux [cf. Eq. (16c)]. Then summation over k1
and integration over directions of k′ yields〈
W
(as,dr)
k′k
〉
ϕk′
= ξ
(2pi)2
~
(
kBT
ρs2
)2
g
ms
~
(e× k)zΞc(ΞcΞ˜v + 2Ξ˜cΞv) [εk′δ′(εk − εk′)− δ(εk′ − εk)] . (A12)
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This expression is equivalent to Eq. (18c) of the main text.
Note that the same results can be derived using the
Keldysh technique following the theory of Ref. [28].
Appendix B: Calculation of VHE in the Keldysh
technique
In this section we present the main steps of the deriva-
tions of the anomalous contributions (side-jump and
anomalous velocity) to VHE within the Keldysh diagram
technique. This technique is appropriate for calculating
quantum contributions to the transport properties of the
non-equilibrium systems, i.e., for the electrons under the
phonon or photon drag conditions and also makes it pos-
sible to evaluate the VHE in the presence of static electric
field.
We introduce the Keldysh Greens functions Gαβnk(),
where the superscripts α, β = ± indicate the line of the
Keldysh contour, n = c or v indicates the band,  is
the energy variable. In the equilibrium conditions the
functions read
G−−nk () =
1− f0(εn,k)
− εn,k + i~/(2τp) +
f0(εn,k)
− εn,k − i~/(2τp) ,
G−+nk () =
f0(εn,k)
− εn,k − i~/(2τp) −
f0(εn,k)
− εn,k + i~/(2τp) ,
G+−nk () =
1− f0(εn,k)
− εn,k + i~/(2τp) −
1− f0(εn,k)
− εn,k − i~/(2τp) ,
G++nk () = −[G−−nk ()]∗. (B1)
We note that the average value of any physical quantity
A via the corresponding matrix elements Ann′(k)
〈A〉 =
∑
n,n′,k
∫ ∞
−∞
d
2pii
Ann′(k)G
−+
n′n,k(). (B2)
Here G−+n′n,k are the interband (n 6= n′) and intraband
(n = n′) matrix elements of the Keldysh G−+ Greens
function. The former appear due to the band mixing by
the scattering, Eq. (7) and the external electric field. In
what follows we consider non-degenerate electrons. Thus,
it is sufficient to disregard quadratic and higher-order
contributions in f0(εn,k) while evaluating the diagrams.
As a result, we retain f0(εn,k) in the G
−+
n,k (ε) only, while
put f0 = 0 in the remaining Greens functions. Note that
in calculation of the valence band Greens function it is
sufficient to neglect the dispersion putting εv,k = −Eg
and disregard the occupancy of the valence band. We
calculate the contributions to the VHE proportional to
the electron density. Below we put ~ = 1.
(a) Anomalous velocity
(c) (d)
(e) (f)
(b)
Side-jump
Figure 2. Diagrams describing the anomalous velocity contri-
bution (a,b) and side-jump contributions (c-f) in the electric
field. Wavy line describes coupling with the electric field, dot-
ted line describes scattering by the phonons or impurities. For
the side-jump diagrams (c-f) their counterparts flipped along
the horizontal axis are not shown.
1. VHE in the presence of a static electric field
Figures 2(a) and (b) show the diagrams which provide
the anomalous velocity contribution to the electric-field
induced VHE. Let the ac electric field E ‖ x oscillates in
time at low frequency ω 1/τp which will be taken equal
to zero in the end of calculation. The correction to the
inter-band Green function shown in Fig. 2(a) is given by
iδG−+cv,k() = iG
−+
c,k ()i
(
−epcv
cm0
Ax
)
iG++v,k (− ω). (B3)
The diagram shown in Fig. 2(b) is similar to the one
in panel (a) and can be obtained by its flipping along
the horizontal axis. It provides the contribution ob-
tained from that in panel (a) by complex conjugation
and the replacement ω → −ω. Taking into account that
Ax = cEx/(iω) we see that the vertex of interaction
with the field on the upper/lower contour equals to
±γeEx/ω. Extracting the ω-independent contribution
by using G++v,k (− ω) ≈ −1/Eg + (− ω)/E2g we obtain
iδG−+cv,k() = −iγ
eEx
E2g
2pif0(εk)δ(− εk). (B4)
Here we took into account that the contribution ∝ 1/ω
is irrelevant and vanishes with account for both Fig. 2(a)
and (b). According to Eq. (B2), the y-component of the
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interband VHE current reads
ja,y = e
∑
k
∫
d
2pii
iγ δG−+cv,k = −e
γ2
E2g
NEx, (B5)
or
ja+b = −2eξN [zˆ × (eE)], (B6)
in agreement with Eq. (34) (we recall that F = eE).
Diagrams shown in Fig. 2(c,d) describe the side-jump
contribution related to the Bloch coordinate shift in the
course of the scattering. For calculation of these dia-
grams it is convenient to use the stationary gauge A = 0,
E = −∇rφ = −iqφq. The vertex of interaction with the
field on the upper/lower contour equals to ∓ieφq. The
sum of diagrams shown in Fig. 2(c,d) yields the following
correction to the inter-band Green function
iδG−+cv,k() = ieφq
∑
p
(−Mk,pM cvp,k)iG++c,p ()iG++v,k ()
× [iG−+c,k+q()iG++c,k ()− iG−−c,k+q()iG−+c,k ()]. (B7)
Hereafter the scattering matrix elements Mk,p = Vc(q)
[Eq. (6) without k-dependent terms], and M cvp,k is given
by Eq. (7). Taking G++v,k () = −1/Eg we have for the
contribution to VHE current similarly to Eq. (B5) after
integration over :
j
(sj)
c+d,y = e
2iφqτpξ (B8)
×
∑
k,p
(
k− − Vv
Vc
p−
) |Mk,p|2[f0(εk+q)− f0(εk)]
i(εk − εp − i/τp) + c.c.
Here we neglected q in the denominator and c.c. stands
for the contribution of the diagrams obtained by flipping
the Fig. 2(c,d) along the horizontal line, see discussion of
the anomalous velocity contribution above.
Similarly, the sum of diagrams Fig. 2(e,f) yields the
following correction to the Green function
iδG−+cv,k() = ieφq
∑
p
Mk,pM
cv
p,kiG
−−
c,k+q()iG
++
v,k ()
× [iG−+c,p+q()iG++c,p ()− iG−−c,p+q()iG−+c,p ()]. (B9)
Then the contribution to the VHE current density with
account for the flipped diagrams as well yields
j
(sj)
e+f,y = −e2iφqτpξ (B10)
×
∑
k,p
(
Vv
Vc
p− − k−
) |Mk,p|2[f0(εp+q)− f0(εp)]
i(εp − εk + i/τp) + c.c.
Changing here notations p ↔ k, we obtain for the sum
of the diagrams (c) – (f)
j
(sj)
c−f = e
∑
k,p
Rp,k2pi|Mk,p|2δ(εk − εp)δfk, (B11)
where we made expansion to the linear order in q and
introduced δfk according to Eq. (19) and the shift Rp,k
according to Eq. (33a). This expression coincides with
Eq. (35) of the main text. Therefore a sum of the contri-
butions (c) – (f) yields:
j
(sj)
c−f = eξN
(
1 +
τp
τimp
Uv
Uc
+
τp
τph
Ξv
Ξc
)
[zˆ× (eE)]. (B12)
The contributions due to the anomalous distribution
of the electrons, Eqs. (36), are illustrated in Fig. 3 (as
before, the flipped diagrams are not shown). The correc-
(a) (b)Anomalous distribution
Figure 3. Diagrams describing the side-jump contributions in
the electric field due to the anomalous distribution of elec-
trons. The flipped counterparts are not shown.
tion to the conduction-band Green function depicted by
the diagram (a) is given by
iδG−+c,k () =−
eExγ
ω
iG−−c,k (+ ω)iG
++
c,k ()
×
∑
p
Mk,pM
vc
p,kiG
−+
c,p (+ ω)iG
++
v,p . (B13)
Substituting the scattering matrix elements Eqs. (6), (7),
we get
δG−+c,k () = iξ
eEx
ω
G−−c,k (+ ω)G
++
c,k () (B14)
×
∑
p
|Mk,p|2
(
Vv
Vc
k+ − p+
)
G−+c,p (+ ω).
In the lowest order in ω we have after integration over
 for the contribution of the diagram Fig. 3(a) and its
flipped counterpart:
j(adist)a,y = eξeExτp (B15)
×
∑
k,p
|Mk,p|2vk,y
(
Vv
Vc
ky − py
)
f0(εp)[−2piδ′(εk − εp)].
This yields
j(adist)a = eξN
(
τp
τimp
Uv
Uc
+
τp
τph
Ξv
Ξc
)
[zˆ × (eE)]. (B16)
The correction to the Green function depicted by the
diagram Fig. 3(b) is given by
iδG−+c,k () =−
eExγ
ω
iG−−c,k (+ ω)iG
++
c,k () (B17)
×
∑
p
Mk,pM
cv
p,kiG
−+
c,p (+ ω)iG
++
v,k .
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Again after integration over  we get for the contribution
of the diagram Fig. 3(b) and its flipped counterpart
j
(adist)
b,y = eξeExτp (B18)
×
∑
k,p
|Mk,p|2vk,y
(
ky − Vv
Vc
py
)
f0(εp)[−2piδ′(εk − εp)].
Calculation yields
j
(adist)
b = eξN [zˆ × (eE)]. (B19)
One can also see that the sum of all four contributions
depicted in Fig. 3 has the form (F = eE)
j
(adist)
a+b = 2piτpeF
∑
k,p
|Mk,p|2Rp,kf0(εp)δ′(εp − εk),
(B20)
coinciding with j
(2)
sj given by Eq. (36a):
j
(2)
sj = eξN
(
1 +
τp
τimp
Uv
Uc
+
τp
τph
Ξv
Ξc
)
[zˆ × F ]. (B21)
Note that the diagrams presented in Figs. 2 and 3 are
fully analogous to the diagrams presented in Ref. [21].
2. VHE caused by the phonon drag
In the case of the phonon drag one has to take into ac-
count the self-energies which include anisotropic part of
the phonon distribution function. Corresponding phonon
lines are denoted by the dotted lines with arrow, Fig. 4.
This self-energy part plays a role of the electron-field in-
teraction version in the case of the static field, Sec. B2.
Accordingly, the correction to the inter-band Green func-
tion shown in Figs. 4(a)-(c) is conveniently expressed as
follows
iδG−+cv,k() = −M cck,pM cvp,kiG++c,p ()iG++v,k ()iδG1, (B22)
where (omitting some terms nullifying after integration
over )
δG1 = δfk
(
1
− εk − i/2τp −
1
− εk + i/2τp
)
(B23)
with δfk being the anisotropic electron distribution
caused by the phonon drag:
δfk = −τpQ(dr)ph {f0(εk)} = f ′0(εk)τp(vk · Fdrag). (B24)
Calculation of the corresponding contribution to VHE
current yields
j
(sj)
a+b+c,y = eξ
∑
k,p
(
kx − Vv
Vc
px
)
2pi|Mk,p|2δ(εk − εp)δfk.
(B25)
(a)
(b)
(c)
(d)
(e)
(f)
Figure 4. Diagrams describing side-jump contributions to the
VHE under the phonon drag conditions. Left column (a-c)
shows the contributions proportional to the Bloch electron
coordinate shifts, the right column (d-f) shows the contribu-
tions related to the phase of the matrix element [first term
in Eq. (33a)]. Dotted line with arrow denotes the anisotropic
part of the phonons Greens function which results in the elec-
tron drag. The flipped counterparts of these diagrams provide
complex conjugate contribuions and are not shown.
Evaluation of the diagrams shown in Figs. 4(d)-(f)
yields
j
(sj)
d+e+f,y = eξ
∑
k,p
(
Vv
Vc
px − kx
)
2pi|Mk,p|2δ(εk − εp)δfp.
(B26)
Changing here notations p ↔ k, we obtain the sum of
the diagrams (a)-(f) in the form
j
(sj)
a−f = e
∑
k,p
Rp,k2pi|Mk,p|2δ(εk − εp)δfk, (B27)
coinciding with j
(ph,1)
sj from Sec. IV B:
j
(ph,1)
sj = eξN
(
1 +
τp
τimp
Uv
Uc
+
τp
τph
Ξv
Ξc
)
[zˆ × Fdrag].
(B28)
Additional contribution to the valley Hall current
arises, similarly to that of the anomalous distribution
in the presence of the electric field, due to electron
wavepackets shifts in the course of drag. It is described by
two diagrams (and their flipped counterparts) in Fig. 5.
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Figure 5. Diagrams describing side-jump contributions to the
VHE arising in the course of the phonon drag, which are ana-
logues of the anomalous distribution contribution in the elec-
tric field, Fig. 3. The flipped counterparts of these diagrams
provide complex conjugate contribuions and are not shown.
Evaluation of these diagrams yields
jy =eξ
∑
k,p
(
Ξv
Ξc
px − kx
)
(B29)
×
[
Q
(dr)
ph {f0(εk)} −Q(dr)ph {f0(εp)}
]
=− eξN
(
1 +
Ξv
Ξc
)
[zˆ × Fdrag]y.
This result coincides with j
(ph,2)
sj given by Eq. (38).
Note that the diagrams with the crossing phonon lines
have additional smallness ~/(ε¯τp). The diagrams with
the valence band Greens function in the other positions
have extra smallness 1/Eg as compared with the pre-
sented ones.
3. VHE caused by the photon drag
Figure 6. Sum of the ladder diagrams relevant for the photon
drag at ωτp  1.
In order to calculate the VHE under the photon drag
conditions we, as in the main text, consider the limit
ωτp  1. It is instructive to calculate the first order in
the electric field correction to the Greens function G−+
depicted in Fig. 6 with the result
iG−+1 =
τp
2iω
v2k(qF0)f
′
0
(
1
− εk − i2τp
− 1
− εk + i2τp
)
.
(B30)
Figure 7 shows relevant diagrams for the VHE under
the photon drag conditions. These diagrams are equiv-
alent to those presented in Figs. 2 and 3 with the only
change G−+c,k → G−+1 . Therefore we immediately obtain
the results for the photon drag induced VHE from those
(a) Anomalous velocity
(b) (c)Side-jump
(d) (e)Side-jump
(f) (g)Anomalous distribution
Figure 7. Diagrams describing the anomalous velocity con-
tribution (a), side-jump contributions (b-e), and anomalous
distribution (f,g) at the photon drag conditions. Filled trian-
gle denotes sum of the ladder diagrams in Fig. 6. The flipped
counterparts of these diagrams doubling the results are not
shown.
in the static field by the substitution
f0(εk)F → − τp
2ω
v2k(qF0)f
′
0F
∗
0 + c.c. = −εkf ′0(εk)Fp,drag.
(B31)
Moreover, all results of Sec. B2 are valid af-
ter the substitution F → Fp,drag because∑
k
εk[−f ′0(εk)]=
∑
k
f0(εk) = N . In particular, diagram
Fig. 7(a) with its flipped counterpart gives Eq. (40),
Figs. 7(b-e) describe the side-jump contribution,
j
(phot,1)
sj
= eξN
(
1 +
τp
τimp
Uv
Uc
+
τp
τph
Ξv
Ξc
)
[zˆ × Fp,drag], (B32)
and the diagrams in Fig. 7(f,g) give the anomalous dis-
tribution contribution, Eq. (41).
Note that the summation of the ladder at the second
field vertex in the diagrams Fig. 7 is not needed because
this vertex represents the anisotropic correction to the
Greens function and the ladder diagrams vanish at the
short-range scattering.
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